This note analyzes the relationship between various statements concerning the commutant of a bounded linear operator on a Hubert space and the existence of cyclic vectors for the operator and its adjoint.
Abstract.
This note analyzes the relationship between various statements concerning the commutant of a bounded linear operator on a Hubert space and the existence of cyclic vectors for the operator and its adjoint.
For a bounded linear operator Fon a Hubert space H, séT will denote the weakly closed algebra generated by F and the identity /, and sé'T will denote the commutant of F. We say that F has a cyclic vector x0 if {séTx0} is dense in //. For a finite dimensional operator or a normal operator the following are known to be equivalent (see [1] Let S be the unilateral shift on /+ defined by Sen=en+X (n=0), and T=S*®S*. Then F satisfies M2 but not Mx, M3, M4, M6 (see [3, Problem 126] , [4] ).
Example 3. Let B be the bilateral weighted shift on I2 defined by Ben=2nen+X (n<0) and Ben=en+1 (/2=0). Then B is not invertible and hence séB=sé'B [2] , [7] . Moreover, no(5*)={z:0<|z|<l}. Therefore B* has a cyclic vector, but B does not [6] . Let T=(B+2)®(B* -2). The fact that the spectrum of Fis the disjoint union of the two discs comprising the spectrum of B+2 and B*-2 implies that [5, §5] . sé'T = sé'B+2 © sé'B>_2 = séB+2 ® séB*_2 = séT.
If (x, y) were a cyclic vector for F (resp. F*), then x (resp. y) would be cyclic for B. F satisfies M3, M4, M5 but not M,, M2.
The 
